
Change of variables formula

The substitution formula for functions of one 
variable is

Here  x  is expressed in terms of  u  so we 
have a function x : R -> R  which sends  u  to  
an expression  x(u), and also a function  f : R 
-> R  defined where the variable is called x.

On the left we are integrating the composite 
function  f ° x

Because  x  probably does not change at the 
same speed as  u , we have to include a 
factor  dx / du
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In higher dimensions: the setup is a 
differentiable map  T : D* -> D.
We assume T is 1 - 1 and  D = T(D*). Then
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Polar coordinates;

T : D* -> D  is

T(r,t) = (x(r,t), y(r,t)) = ( r cos t, r sin t). 



Pre-class Warm-up!!!
Let  T : R^2 -> R^2  be the mapping
T(u,v) = (2u, 2v)  and write  (x,y) = T(u,v).
T  maps the unit circle  D*  in the  (u,v)-plane 
to a circle  D  of radius  2  in the  (x,y)  plane.

Let  f : R^2 -> R  be a function.
What is the relationship between  

A = 

B = 

Which of the following is true?

a.  A = 4B

b.  A = 2B

c.  A = B

d.  A = B / 2

e.  A = B / 4



Why does the change of variables formula work?



Polar coordinates



Example:  Find

where  D  is the upper half of the unit disk

Example.  Use the transformation 
T(u,v) = ((u+v)/2, (u-v)/2)) to find

Where D is the diamond



Change of variables for cylindrical coordinates Find the volume bounded by 
z= √(x^2 + y^2)
And   x^2 + y^2 + z^2 = 1



Find the volume bounded by 
z= √(x^2 + y^2)
and   x^2 + y^2 + z^2 = 1

Change of variables for spherical coordinates.


